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Nonlinear Transport in the Boltzmann Limit
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Formal expressions for the irreversible fluxes of a simple fluid are obtained
as functionals of the thermodynamic forces and local equilibrium time
correlation functions. The Boltzmann limit of the correlation functions is
shown to yield expressions for the irreversible fluxes equivalent to those
obtained from the nonlinear Boltzmann kinetic equation. Specifically, for
states near equilibrium, the fluxes may be formally expanded in powers of
the thermodynamic gradients and the associated transport coefficients
identified as integrals of time correlation functions. It is proved explicitly
through nonlinear Burnett order that the time correlation function expres-
sions for these transport coefficients agree with those of the Chapman—
Enskog expansion of the nonlinear Boltzmann equation. For states far
from equilibrium the local equilibrium time correlation functions are
determined in the Boltzmann limit and a similar equivalence to the
Boltzmann equation solution is established, Other formal representations
of the fluxes are indicated; in particular, a projection operator form and
its Boltzmann limit are discussed. As an example, the nonequilibrium
correlation functions for steady shear flow are calculated exactly in the
Boltzmann limit for Maxwell molecules.

KEY WORDS: Nonlinear transport; irreversible fluxes; time correlation
function; kinetic theory.

1. INTRODUCTION

There are two common methods for describing transport in a solid or fluid.
The first and oldest is by means of kinetic theory. An approximate kinetic
equation for the reduced distribution function is obtained, and is solved to
get the macroscopic equations of motion and associated constitutive equa-
tions. For example, the Boltzmann kinetic equation may be used to derive
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the hydrodynamic equations with Newton’s viscosity law for the momentum
flux and Fourier’s law for the heat flux.”>? The second and somewhat more
recent approach is the time correlation function method.®® In this case an
appropriate formally exact solution to Liouville’s equation is used to derive
the macroscopic equations of motion and constitutive equations for the
irreversible fluxes. The latter are expressed in terms of time correlation
functions whose evaluation requires approximation schemes similar to those
necessary to obtain the above-mentioned kinetic equation. The difference
between the two methods lies essentially in the stage at which approximations
are introduced. In kinetic theory, approximations are required at the outset
to get a closed kinetic equation; in the correlation function method, approxi-
mations are postponed until after the irreversible fluxes are identified, and
are introduced only at the point of evaluating the correlation function. There
is a certain advantage to the latter approach, in that some information is
available from the general properties of the correlation functions (such as
the Onsager reciprocal relations) before introducing approximations. Due to
the different formulations, comparison of the results from these two methods
is not always straightforward. Indeed, it is not a priori evident that identical
approximations to the kinetic equation and to the correlation functions
should yield the same irreversible fluxes. Nevertheless, equivalence of the
time correlation function expressions for Navier-Stokes transport coeffi-
cients at low density with those of the Boltzmann kinetic equation has been
established.® Similar correspondence has been made for solids  (Boltzmann—
Peierls kinetic equation) and plasmas® (Balescu-Lénard kinetic equation).
These studies have been limited to the linear relationship between the fluxes
and thermodynamic gradients (Green-Kubo relations), with almost no study
of the more general nonlinear transport processes.® The purpose here is to
show the complete equivalence of the kinetic theory and time correlation
function methods for the special case of a Boltzmann gas. In doing so the
correlation functions characterizing states far from equilibrium are related
to solutions to a set of coupled nonlinear equations, and equivalence with
the nonlinear Boltzmann equation is established. Although strictly applicable
only to gases, these expressions may aid in modeling correlation functions
to gain a qualitative understanding of nonlinear transport of fluids in general.
Additionally, the Boltzmann results have historically been a conceptual
reference against which new results are measured. In this regard, it has been
suggested recently that mode-coupling effects in the correlation functions are
responsible for a nonanalytic dependence of the irreversible fluxes on the
thermodynamic gradients,” and it may be useful in assessing such results

3 In addition to Refs. 2 and 9, some other treatments of nonlinear transport phenomena
can be found in Refs. 6.
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to have some understanding of the corresponding correlation functions in
the Boltzmann limit where such effects are neglected.

The macroscopic fluid equations and formal expressions for the irrevers-
ible fluxes in terms of correlation functions are discussed briefly in the next
section for completeness, although most results have been given elsewhere,®-®
In Section 3 the Boltzmann limit is considered for two different cases, states
near equilibrium and those far from equilibrium. For the former, a formal
expansion of the irreversible fluxes through terms quadratic in the thermo-
dynamic gradients (nonlinear Burnett order) has been given recently® to
identify equilibrium time correlation function expressions for the transport
coefficients. The Boltzmann limit of these expressions is shown here to give
the results of the Chapman-Enskog solution to the nonlinear Boltzmann
equation. For states far from equilibrium the local equilibrium time cor-
relation functions are considered in the Boltzmann limit and shown to yield
fluxes equal to those obtained from a formal solution to the nonlinear
Boltzmann equation. A compact projection operator formulation (similar to
that of Piccirelli®® and Kawasaki and Gunton‘™) is described. It is also
shown how the Boltzmann limit may be put in this form, generalizing pre-
vious projection operator solutions of the linearized Boltzmann equation.?
Finally, to illustrate the form of the nonequilibrium correlation functions
for conditions far from equilibrium, the stress tensor for uniform shearing
flow is considered. Ikenberry and Truesdell have shown“? that an exact
solution to this problem may be obtained from the nonlinear Boltzmann
equation for Maxwell molecules. The discussion here constitutes an analogous
solution in the correlation function formalism.

2. FORMAL SOLUTION TO LIOUVILLE'S EQUATION

2.1. The Hydrodynamic Equations

The macroscopic equations of motion for a fluid are a reflection of the
microscopic conservation laws characterizing the system. For a simple fluid
the relevant conservation laws are those of mass, energy, and momentum.
Their local form may be written

a¢a a')’ai _
7 + —5;: =0 2.1

where ,(r) denotes the mass density p, energy density ¢, and momentum
density g;,

e > (p, € &) (2.2)
The corresponding fluxes y,,(r) are

Yoi > (805 805 1)) (2.3)
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where s; is the energy flux, and #; is the momentum flux. The microscopic
state of the system F at some time ¢ is specified, for given initial conditions,
by the solution to Liouville’s equation

oFjot + LF =0 2.9
Here L is the Liouville operator, defined for arbitrary phase function 4 by
LA = {4, H}

with {., .} denoting Poisson brackets and H the Hamiltonian. The macro-
scopic conservation laws follow by averaging (2.1) over the solution to
Liouville’s equation

2 P
8_1 <¢aa t> + 5}: <7aia t> = O (25)
with the notation
1
i = 3 J dT AF(1) 2.6)

and T represents a point in the phase space of the N-particle system. The
quantities <{i,; > denote the macroscopic nonequilibrium mass density,
energy density, and momentum density. It is more common, however, to
describe the system in terms of other variables, such as temperature, flow
velocity, etc. To introduce such variables it is usual to define them in such
a way that they are related in a manner similar to that of the equilibrium
state. A suitable definition is obtained by requiring that the nonequilibrium
average of i, be the same as the corresponding local equilibrium average,

s 1) = bas 01 2.7

Here <J,; £, is the average of , over a local equilibrium distribution at
time ¢,

ity =3 hT,}-ﬁ f dT AF,(1) 2.8)
and
Fy(t) = exp{— o) - [ deyut t)sba(r)} 2.9)

The local thermodynamic variables y,(r, ¢) are
Yo (=0 + 3BUZ B, —BUY) (2.10)

where B¢ is the chemical potential per unit mass; 8 = 1/kT, where T is the
Kelvin temperature and k is Boltzmann’s constant; and U, is the flow
velocity, Finally, Q(t) is determined by the requirement that F;(¢) be nor-
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malized to one. The space and time variation of the y,(r, ¢) is therefore
defined through Eq. (2.7). The macroscopic conservation law may now be
written

9 . 4 . — — Oy
E <¢a9 t>L + 5;,: <}'tzia t>L - —éz— (211)

where the irreversible flux yX(r, ¢) has been defined by
Y= vas ) — Yas D1 (2.12)

and represents the irreversible part of the flux {y,; ¢>. For a simple fluid
the local equilibrium averages in (2.11) are found to be

<¢'tx; t>L A (ﬁ’ u + %FUZ, pUl)
Yai; DL (pU;, (B + 3pUAU;, PS;; + pUU))
where p and # are the macroscopic mass and internal energy densities, P is
the pressure, and 2 = # + P is the enthalpy density. The left side of Eq.
(2.11) represents the contribution from the Euler equations for a perfect fluid.

Since the left side is an explicit functional of the y,(r, ¢), Egs. (2.11) may be
written as equations for y,,

aya(ra t) fdr K,;B(l' r)ayﬂ(r . 1) fdr ga—1(r r)a'yﬁt(r , 1)

(2.13)
with

Lap(r, T) = <‘/7a(r)ﬁza(1' Y; 1,
Kilr,r) = f dr” g (r, )", ) @.14)

B s(r, v') = B (®)76(); D1

The time dependence of g, K, and 4 has been left implicit. Also, the tilde over
a phase function 4 denotes the deviation from its local equilibrium average,

At)= A — {4; 1), (2.15)

Although Ki, and g., are explicit functionals of the y,, Egs. (2.13) still
require constitutive equations for y¥; as functionals of the y, before a closed
set of equations for the y, are obtained. Equations (2.13) together with such
constitutive equations form the hydrodynamic equations for the system.

2.2, Irreversible Fluxes

To obtain an expression for y¥(r, ) as a functional of the y,(r, #), an
appropriate formal solution to the Liouville equation may be used. Any
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solution requires specification of initial data, and for simplicity the interesting
but special case of initial local equilibrium will be used. Several equivalent
forms of the solution are obtained in Ref. 8, a convenient one of which is

F(t) = Fy(t) + f: dr e~ Ht-D f dr[?-y“—g;:ﬂ 8., 7)

+ @’%ﬂ £, T)]FL(T) 2.16)
with
T, 1) = Four, 1) — Jdr' Ja(r', DKL, 15 1)
Eer, 1) = [ de e )

The phase functions ¢, and £, form a biorthogonal set with respect to the
local equilibrium average,

{ulr, DE(X, 1) D = 845 8(r — 1) (2.18)
Also, the §,; are orthogonal to this set,
<‘£o:i(r9 t)l/l~B(l'l, t)a t>L =0= <‘£ai(r’ t)gﬁ(r,a t); t>L (219)

Substitution of the formal solution (2.16) into the definition (2.12) gives
y% as a functional of the thermodynamic variables y, as desired,

Yaill, 1) = ft d‘rfdr’ I:Gai'ﬁj(r’ vt 1) 2 T J’ﬁ(l' 7)

@17

Py
+ Hypt, ¥ 1, 7) 63”—”;_'—7)} - (2.20)
Ty
with
Gai o6, ¥'5 1, ) = [ 98,(x, D)]ds, (X', 7); 7, (2.21)
Ho 5(r, 15 1, 7) = [ 9,(r, )]E5(r', 7); 7, (2.22)
Use has been made of the fact that
Yo, 1) = {Pulr, 1); 0 = {bulr, 1); 1> (2.23)

The correlation functions G and H are generalizations of those occurring
for linear transport. The latter are obtained by replacing F; everywhere by
the strict equilibrium distribution Fy:

Gai,ﬁi(r, 1"; Z T) linear <[eL(t 1)‘7;&1(1‘)]?561(1' )>0 (224)
He gr, 1’5 1, r) T <[ Bu(®]EE)0 2.29)
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where (. ..>, denotes an equilibrium average. Even for this linear case, there
does not appear to have been a complete study of the relationship to results
from kinetic theory, beyond linear Navier-Stokes and Burnett orders,?
Such a study is possible in the linear case without restriction to the Boltzmann
limit; however, the following sections will be concerned as well with the
nonlinear case, for which less is known about the general kinetic theory,
and attention will be restricted to the Boltzmann limit. First, however, an
alternative formulation of y% will be noted.

2.3. Projection Operator Formulation

The formal expression for y¥(r, t) given by Eq. (2.20) is only an implicit
expression for v¥ because of its occurrence also on the right side of the
equation. The latter may be removed by the introduction of a suitable
projection operator. The projection operator P, is defined by

P = [ dr £(5, 0GR 043 D, (2.26)

(recall that &, and i, form a biorthogonal set). Then it is readily shown that
a?fi(", T) —1 *

| D 0 ) = Fo@PALFG) - B @2D)

P* = F(r)P.Fi () (2.28)

With Eq. (2.27), the formal solution to Liouville’s equation (2.16) may be
rewritten as

FO = Ry = [ dr o070 [ g 20

+ f dr e KIPALIF(r) - Fy(r)]

or
‘ ayu(r, 7) I3
F1) = Ft) + | dr | dr =72 U, 1)(@alr, D7) (2.29)
0 i
with the operator U* defined by
t
Ut 1) =T, exp{— f dr (1 — P;E)L} (2.30)
and T, is the chronological time ordering operator.

Returning to the determination of y%;, substitution of (2.29) into (2.23)
leads to

t ’
VA, 1) = f dr f dr' Con 0, 5 1, 7) ayﬁa(:; 7) @2.31)
1] i
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with
Cai,B:i(r’ r'; Z T) = <[U(ta T)‘Z;ai(r, t)](};gj(l'/, 7); 1'>L

U(t, 7) = T_ exp { f‘ dr I — P,,)} (2.32)

These equations, (2.31) and (2.32), are equivalent to Egs. (2.20)-(2.22). The
form of Eq. (2.31) differs from that of (2.20) in that there is no explicit
dependence on ¥ in the former. However, a price has been paid since the
time evolution of the system is modified by the projection operator P*
(or P), and is no longer straightforward to interpret or analyze. The relationship
of the kernel C in (2.31) to those of (2.20) is easily found to be

Cai,Bj(r9 r’; t, T) = Gai,ﬁj(r; r’; ta T)

t
+ f dr’ fdr” Hy (x,x"; t,7") a—f—; Cop.pX", 05 7', 7)
1 k
(2.33)

The form of the general hydrodynamic equations (2.13) and the fluxes (2.20)
and (2.31) is given more explicitly in terms of 8, {, and U in Appendix D.

3. THE BOLTZMANN LIMIT

The irreversible fluxes y¥; are governed by the local equilibrium cor-
relation functions G and H of Egs. (2.21) and (2.22). For the linear case
these become equilibrium time correlation functions whose properties may
be related, in the low-density limit, to the solution of a corresponding /inear
Boltzmann equation.® The equations determining the local equilibrium
correlation functions are nonlinear, however, and their connection with
Boltzmann kinetic theory is somewhat more remote. The Boltzmann limit
of the time correlation function formulation will be studied in two stages.
First, for states near equilibrium, the gradients dy,/ér are small and an
expansion of the irreversible fluxes in these gradients leads to constitutive
equations characterized by transport coefficients. The latter are defined as
time integrals of certain equilibrium correlation functions, and it is verified
that the Boltzmann limits of these correlation function expressions for the
transport coefficients agree with those of the Chapman-Enskog solution to
the nonlinear Boltzmann kinetic equation. When the fluid is far from equi-
librium not all of the thermodynamic gradients are small, so that a Chapman-—
Enskog expansion of the fluxes is not possible. In this case the Boltzmann
limits of the local equilibrium correlation functions G, 4 and H,; ; of Egs.
(2.21) and (2.22) must be studied directly; a formal equivalence with Boltz-
mann kinetic theory is again established.
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3.1. Near Equilibrium

The most commonly studied experimental and theoretical situation
corresponds to a system disturbed only slightly from equilibrium. Then,
with the thermodynamic gradients as a small parameter, the exact expression
(2.20) for the irreversible fluxes may be expanded formally to give

3)’13

%y ay ay
* (e 1) = D 2,1 s 2.2y 9Vs D
’)/m(l', ) Yei,Bi ar + Vei 5k arj or, + YailBiuk 5o 81‘ P T+ (31)

The first term on the right of Eq. (3.1) corresponds to Navier-Stokes-order
irreversible fluxes, while the second and third terms correspond to linear*®
and nonlinear Burnett-order fluxes, respectively. The constants 2 are the
associated transport coefficients. This Chapman-Enskog type of expansion
for y* has been discussed in detail recently, and the transport coefficients
identified as®

o = lim [ dr 800, D181 G2
{0
e = lim [ dr [ 1 53y + B0, DB, D00 B
— oo 0
e = lim { [ de rCe4u(0, 01,030 52

+f dTJ‘dl" [re’ 8, + 7]
0

« <[e“s£w(0, t)][é%—:"—’—) _ éﬁjszh(r')]>} (3.4)

o= J dré@), o= f ' Kiy(r, ')

where K, is defined by Eq. (2.14).

The Boltzmann limits of (3.2) and (3.3) are known from the study of
equilibrium time correlation functions composed of two phase functions,
each being sums of single-particle functions.* The nonlinear Burnett coeffi-
cient (3.4), however, depends on correlation functions with three such phase
functions at two times, for which the usual theory does not apply. Further-
more, if the projection operator formulation for the fluxes were used, an

Here

% The literature on kinetic theory of two-time correlation functions is extensive. For
recent reviews and references see Refs. 13.
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equivalent expression for ¥2® would be obtained, although expressed in
terms of correlation functions with three phase functions at three different
times. The Boltzmann limit of these more general multitime correlation
functions has been determined and the above may be obtained from the
results, ¥
A A0 = [ A5 SpIB ()T uto(v), 1> 6 (39)
(AL (1) Ao(t2)A5(t3)0

= f dxy fo(prai(x)Ty, - e las(x )Ty, - ,@s(x1)]

ty —tg
+ f dr f dx, fO(pl)al(xl)Tt1 - tg—TJS[TTaz s Tostytq0a]

)
iy —tg
+ f dr J dxy fo(pas(x )T - oy Ss[To*ag, Ty, —1,01]
0

LZt=t; (3.6)

Here the A, are arbitrary sums of single-particle phase functions with
vanishing average,

N
Aa = Z [aa(xi) - <aa(xi)>0] (37)
i=1
and a(p) = a(~ p). Also, T} is the time development operator for the linearized
Boltzmann equation
T, = exp —~[(v-V + I)t] (3.8)
and T* is the adjoint operator. The operators I and J; are the linearized and

symmetric bilinear Boltzmann operators, respectively,

ITh] = £5(py) f f £ fo(p D) + hDs) — h(By) — h(Fo)]

P — P2

X

b db de dp,

Jlh,gl= —f¢ 1(,l’l)J"" jfo(Pl)fo(Pz)[h@l)g(P2) + h(p2)g(p1)

P — P

— h(p)g(P2) — h(P2)g(P.)] m

b db de dp, (3.9)

Finally, fo(p,) is the Maxwell-Boltzmann distribution normalized to the
number density #; x; denotes the position and momentum of the ith particle;
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and jp; denotes the scattered momentum. Equations (3.5) and (3.6) may now
be used to evaluate the expressions (3.2)—(3.4) for the transport coefficients.
To do so first note that the fluxes ,(r, ¢) are of the form

Fuir, 1) = zqzm(r txo) + 2 > Bulr, 11X, x,) (3.10)

gFo’

where &,(r, t|x,) is a single-particle function and &,(r, t|x,, x,-) is a two-
particle function. A similar form holds for the functions J and £, It is easily
shown that the two-particle functions do not contribute to lowest order in
the density, and so the fluxes reduce to phase functions of the type (3.7).
The correlation functions defining the transport coeflicients % may then
be evaluated using the results (3.5) and (3.6).

Navier-Stokes coefficients: Substitution of (3.5) into (3.2) gives

e = lim [ dr [ dv, fup0hae) 86— WTs@) (1)

where use has been made of the fact that the ¢ dependence of the single-
particle function occurs through a delta function,

Buir, t]x1) =,$u(P1) 8(r — qu), bolr, 1]x1) = $u(p1) 8@ — q1)
(3.12)

and the residual dependence of ¢,(p;) and ¢.(p,) on r, ¢ through the y, has
been left implicit. Then, carrying out the time integral and integral over q,
in (3.11) gives

yl(zlz)lij (¢au I- ¢ﬁ]) (313)

where a scalar product notation has been introduced,

(hg) = f dp oD Dg(p) (3.14)

Linear Burnett coefficients: Equation (3.3) may be written with the use
of (3.5) as

YE, = lim [ dre-s f dp, f das fol p)be(p) 5(q)

20+ Jg

x T(g:* 8xp + TCX5)bas(Pr)
Performing the time integral and expanding the resolvent as

4+ Vi + D '=GC+D = (z4+v'Vy+ D -V(z+D?

leads to

Yéthme = (I ¢a, (X5 — vk 82) " has) (.15



270 James W, Dufty and Michael J. Lindenfeld

Nonlinear Burnett coefficients: In a manner similar to that for the linear
Burnett coefficients, Eq. (3.4) may be written

Yeuhhue = lilg1+ {f dr re”* f dp, f dq; fo(p1)dai(Pr)
22— 0

x 80T ulpr) ot ac“’

+ f ar e [ ap, f a4, fo(p2)es(p) 5(as)
X Tigs" 8y + rcw)[ $e) - ¢,ﬁ(p1)¢ﬂ(p1>}

+ j dr o= j dr, j dy j day fo(p)ba®) 8(q0)
X Ty Tupsss Ton(s" S + Tc'xu)m} (3.16)

The low-density time development of the space moment of the conservation
laws (2.1) is .

qul T.q,"¢n = [d(ll q:."fn — f dry T, Dy —~ ThaCEy (3.17)
. 0

where the time independence of the conserved variables has been used. After
substitution of (3.17) into (3.16), the time integrals are done with the
identities

f dr f dr' e Y = (z — @)z — b)~?
0 k4
j dr TJ dr’ e %" = (z —a)y Mz —-b)" 2+ (z—a)y X (z—-b?
0 0
@ T T1 71
lim [ dre= J dr, e“(’"’l)[e‘”l f dry 2 + f dry ebfzecrl]
0

20+ Jg
! lim (z — a)‘lf dry e‘z’l— [f dry e‘”zf dry ]
2 20+ 0

lim (z — a) b~ 1c™? (3.18)

2 z-0+

where a, b, and ¢ may be operators. Equation (3.18) is useful for the sym-
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metrized form of the last term of (3.16). The application of (3.18) to (3.16)
results in

Yaidhue = (U™ bas 17 bpi) 05/0pu
+ lim (I oy, (€K — 0 Sau)z + )77
z2-0+

x {01y bs; — bsbn + ST g5, 1)
+ 3 e, Sl by I bl (3.19)
Using the identity
(z + )"z + 1) *h, ]

= fg?! é%fo(z +Dh—(+D? 887}1 +(z+ )74k (3.20)

in the second term of (3.19) gives

Y e = (U bais 17 o) 8cks/ Oy,
+ (I Bars (R — v 00 6 2 @[O¥2) fol by
+ 3 bos, ST sy I b)) (3.21)

The results (3.13), (3.15), and (3.21) are indeed identical to the expres-
sions for the transport coefficients obtained from the Boltzmann equation,
as is proved in Appendix A. In summary, evaluation of the time correlation
function expressions for the transport coefficients in the Boltzmann limit
yields agreement with Boltzmann kinetic theory, up to and including
nonlinear Burnett order.

3.2. Far from Equilibrium

Returning to the exact result (2.20) for y*, we now consider the case
where no restrictions are placed on the magnitudes of &y,/ér. The Boltzmann
limit for 4* will then be determined from the corresponding limits of G 4;
and H,; ;. The latter correlation functions involve only two phase functions,
but they are averaged over a local rather than strict equilibrium ensemble
so that, as with the nonlinear Burnett coefficients in (3.4), the usual time
correlation function analysis does not apply.

To obtain the low-density (actually Boltzmann) limit for G, p, and
H, ;, a procedure paralleling the cluster expansions of Green®® and
Cohen@® will be used. As noted above [Eq. (3.10)], the fluxes (T, 1), .,
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and £, for a simple fluid are sums of single-particle or two-particle functions.
Consider first Gy; 5;. Substituting (3.10) into Eq. (2.21) gives

Gus g0, X' 1,7) = 1 f iy FelCe) B e 1, 7)
+ a2 f dty dty G, x)BD0er, 3231, 7) (3.22)

where the r, # dependence of §(x;), f(x;, x5), and ®® has been suppressed,
and ®§(xy ..., X,; ¢, 7) is defined by

n®Axy ..., X5 1, 7)

= > G| e dn e DRG) (32)
This expression is still exact. However, in the Boltzmann limit the second
term on the right side of Eq. (3.22) contributes to higher order in the density
than the first, and may be neglected. Similarly, the contributions from the
pair function ¢(x,, x,) to all ®® may also be neglected as contributing to
higher order in the density [this may be seen by considering Eq. (3.23) at
t = 7]. Correlation functions of the type (3.22) therefore reduce in the
low-density limit to the calculation of

Guspf6 '3 1, 7) > 1 f dxy o) B 1, 7)

O xy ey X3 2, T)

-2 v = S)! h3Nfde+1 - dxy e TOF(r) Z $p1(x,)

N>s

The set of functions & obey the BBGKY hierarchy with specified initial
conditions. The first equation of the hierarchy may be used as the basis for
obtaining a low-density kinetic equation for ®D, whose solution would then
determine the correlation functions. The determination of kinetic equations
from the BBGKY hierarchy for conditions of low density is perhaps most
easily accomplished through the cluster expansions of Green *® and Cohen.“®
For the purpose of making a cluster expansion, it is useful to introduce a
modified local equilibrium distribution function,

Fi(t[A) = exp —{Q(f [ — fdr [ya(r, palr) — Aux, 7) Z(ﬁai(-xa)]}
(3.24)

QO(t|)) is again chosen to normalize Fy(¢t|A). The functions A,r, ¢) are
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arbitrary, aside from providing the existence of the integrals indicated. A
set of reduced distribution functions similar to the ® may be defined,

fng)(xl seees Xss Z T) = Z __%Wfdx8+l de e‘L(t”)FL(r]/\)

- N>s (N -
(3.25)
The functions & and f§ are related by

(X1 ,enes X5 8, )|
SA,(r, 7)

Therefore, a kinetic equation for £ may be used to generate one for &,
It may be noted at this point that aside from the dependence on A the f
are essentially the reduced distribution functions for the Liouville equation
with local equilibrium at ¢ = . Thus /P’ may be expected to satisfy a
kinetic equation like the nonlinear Boltzmann equation, for low density.

Differentiating /" with respect to time shows that it satisfies the first
equation of the BBGKY hierarchy,®

P O(xy .., X3 8, 7) =

(3.26)

A=0

()0t + v-V)f© = j dxy 0,0 f (3.27)
where 0,, = —F.,-V,, and Fy, is the force on particle 1 due to particle 2.

Also, the initial conditions are,

w3, s | e A BGY 629)

This hierarchy is of the type considered by Green®® and Cohen“® using a
cluster expansion; the kinetic equation for £ is obtained from Eq. (3.27)
by formally expressing /2 as a functional of /{’ and expanding the func-
tional in density holding f$’ constant. In addition, the low-density form
simplifies considerably in the Boltzmann limit of ¢ — = >» 7, = typical
binary collision time, and neglect of variations of the space dependence of
S over the force range. The details are carried out in Appendix B, with
the result

f dxy 0,01 = JLFP, 0] (3.29)

where J[ /&, f'] is the usual nonlinear Boltzmann collision operator,

s = [ [ el ) 100 — 700 r0@ db de di

The tildes denote a dependence of the function on the restituting momenta.
The kinetic equation for f§ is therefore, in the low-density limit,

(@fot + v-V)fRP = IR, f{] (3.30)
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The initial condition for Eq. (3.30) is obtained from the low-density limit
of Eq. (3.25) for s = I:

FR, De=: = fulr, 1) (3.3D)

i.e., the distribution function at time ¢ = = is the single-particle local
equilibrium distribution function, aside from the dependence on A:

fL(T’ A) = eXp _{Q(Ta )\) + fdr [Yelr, T)¢’a(r’ 7'le) - ’\izi(rs T)¢ai(r: Tlxl)]}
(3.32)

Here i,(r, t|x,) and ¢,(r, f|x,) are the single-particle functions associated
with ¢, and ¢, respectively, [see Eq. (3.12)] and g(r, A) is a normalization
constant.

The kinetic equation for ®Xr; 1, 7) now follows from Egs. (3.30) and
(3.31) using Eq. (3.26),

(@jot + v- DR = J[BPD, f] (3.33)
where J is the symmetric form associated with J,
J[A4, Bl = J[4, B] + J[B, A] (3.34)

and f(#, 7) satisfies the usual nonlinear Boltzmann equation,

@/t + v\ f = JIf, f] (3.35)

The initial conditions for these equations are

BR(; 1, D1me = Farlr, 7/%1)ful7)

(3.36)
f(& D=z = f1(7) = filr, Maco
The correlation function G,; 4(r, ¥'; ¢, 7) is therefore given by
G X3 1,7) = n [ doy e, o) P31 7lw)  (B3)

with @4 determined by the pair of equations (3.33) and (3.35).
The determination of the correlation function H is entirely analogous,
with only the initial conditions changing,

Hao p, 73 1, 7) = f dxy Bl 1IXDEP(: 1, 7)x0) (3.38)

where
(0for + v-VEP = T[=P, ]

3.39
EPW 1, ) ems = £ Tx0A0) -39
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and fagain satisfies Eq. (3.35). Also, (', 7|x,) is the single-particle function
corresponding to £,(r', 7). In summary, the low-density Boltzmann limit for
the general nonlinear irreversible fluxes is given by Eq. (2.20) with cor-
relation functions replaced by Eqgs. (3.37) and (3.38).

For linear transport f(¢, ) may be replaced by the equilibrium distribu-
tion fy, and Egs. (3.33) and (3.39) reduce to the linearized Boltzmann equa-
tion. The correlation functions then become special cases of Eq. (3.5). As
mentioned above, the linearized Boltzmann equation has been used exten-
sively to study linear response generally, in addition to the analysis of the
Green-Kubo expressions for the transport coefficients discussed in Section
3.1. For the general nonlinear case it is difficult to reduce the results further.
However, it is straightforward to show that these results are indeed equivalent
to those obtained by the kinetic theory method based on the nonlinear
Boltzmann equation. To do so, it is first convenient to rewrite the results
(2.20), (3.37), and (3.38) in an abbreviated notation,

VAT 1) = f ity G, 1)x7) f: dr X(t, 7)x;) (3.40)
where
X(t, lx) = f dr {ala(—;—’—) BR(r; 1, 7lxy) + ay“’ @ RO 1 T;xl)}
(3.41)

and Egs. (3.33) and (3.39) imply
@fot + v-\)X(t, |xy) = JLf (¢, ), X(z, 7)] (3.42)

X(t, t]xy) = f dr {ai (T, 1) bulr, 1]s) + %”r— @ 1) &, tlxo}ﬁ(z)
(3.43)

It is convenient to further simplify the expression (3.43) for the initial value
of X. To do so, consider the material derivative of the local equilibrium
distribution function [see Eq. (3.32) for A = 0],

(g; i v-v)fL - —ﬁ(z){ﬁ%(t’-) +[a [ay“(r Dy, )

+ 280y, t]xl)]} (3.44)

1

The term 2g(t)/ot may be evaluated using the normalization condition

exp q(t) = f dx, exp{ -—f dr y.(x, t)J,(r, tlxl)}
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to give

{(we use the same notation for local equilibrium average here as in Section 2,
although here it is understood to be the low-density limit). Furthermore, the
time derivative &y,/0t may be eliminated using the conservation laws (2.13)
(with all averages being understood as their low-density limits),

aa t 12 6 ,,t ’ - t 8*1', I9t
2D 1 [ Regtr, 1) 2850 = [ar gavte, ) T .46

Finally, then, substitution of (3.45) and (3.46) into (3.44) gives
2 _ Oy, 1)
(_8—1 + V'V)fL(t) = "f dr {T Gui(r, 2]x1)

OyX(r, t
# ZEE0 £ i)
i
Comparison with Eq. (3.43) gives the desired result,
X, tjx)) = —(0)ot + v-V) [y, (3.47)

This result will prove useful in comparing Eq. (3.40) with the corresponding
expression based on the usual Boltzmann kinetic theory.

The object now is to show that the solution to the nonlinear Boltzmann
equation for initial local equilibrium is equivalent to (3.40)-(3.43). Let
f(¢,0) be the single-particle phase-space probability density satisfying the
Boltzmann equation with the local equilibrium distribution specified at
r =0,

@for + v\ f=JIf£fl, f0,0) = fi(0), (3.48)
Let A(¢, 0) denote the deviation from local equilibrium at time ¢,
Az, 0) = (2, 0) — fu(t) (3.49)

Then the irreversible fluxes are given by

[0, Dhmese = [ @ B, 112, 0) (3.50)

Since A(z, 0) vanishes at ¢ = 0, we may look for solutions of the form

A, 0) = f “dr Y, 7lx) (3.51)



Nonlinear Transport in the Boltzmann Limit 277

Substitution of (3.49) and (3.51) back into the Boltzmann equation
requires

f ‘i {(% + v.v) Y(t, 7) = JLfit), Y(t, )] — f; dr' J[Y (1, ), Y(t, r)]}

0

= X(t,t|xy) — Y(1 t|xy) (3.52)

Here, Eq. (3.47) has been used to identify the right side of Eq. (3.52). The
third term on the left side of (3.52) may be rewritten

i

- f: dr f:dr’J[Y(t, ), Y, 7] = —3 fo ‘r f:df' TY(, ), Y(t, 7))

i

_Ltdffdr’J“[Y(t, ), Y(¢, 7)]

i

t
~ [ @ T1s ) - £, Y@, )
0
(3.53)
where use has been made of (3.49) and (3.51) in the form

A, 7) = £t 7) — filt) = f & Y@, )

Substitution of (3.53) into (3.52) gives the conditions that ¥ must satisfy
in order that (3.51) yield a solution to the Boltzmann equation

Jth {@lot + v-WNYY(t,7) — J[f(t, 1), Y(t, D} = X(2, t|xy) — Y(2, t|xy)
° (3.54)

Since Y is otherwise arbitrary, Eq. (3.54) is satisfied if Y is chosen to be the
solution to

(@jot + v-W)Y = J[f(t, 7), Y] (3.55)

with
Y(t, t|xy) = X(2, t|xy) (3.56)
But it is now clear that Egs. (3.55) and (3.42) are the same first-order dif-

ferential equations with the same initial conditions. Therefore the solutions
are the same, i.e.,

Y(t, 7lxy) = X(, |x))
and consequently, through (3.40) and (3.50),

[Vfi(r: t)]kluemc = [y:fi(r, t)]correlation function (357)
as was to be proved.
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3.3. Projection Operator Formulation of the Boltzmann Limit

The corresponding low-density limit of the projection form for y¥ in
the correlation function method, Eq. (2.32), is not as easy to obtain directly.
However, the Boltzmann limit obtained above [e.g., Egs. (3.40)—(3.43)] may
be put in the form of the projection operator result and the corresponding
Boltzmann limit for C,; z(x,x'; ¢, 1) identified. First, a single-particle
projection operator, analogous to P,, is defined by

Patx) = [dr £t 1) [ an flO0te wdatey) (359
Use of (3.58) in (3.41) leads to
X(t, T\xl) = T(ta T)[fL_ I(T)PI*V'VA(T'J 0) + J.dl' % (l', T)fL(T)$ai(r’ Tlxl)]
(3.59)
where T is the linear solution operator to Eq. (3.42) (for fixed f)

(@fet + v-\)T(t, ) = J[f(t, 7), T(¢, 7)], T(t 1) =1 (3.60)
and P.* = fi(r)P.f (+). Integrating (3.59) gives

A(t,0) = ftdf T, r){f[ Hr)P*v:-VA(7, 0)

+ [ 22 @ 0 S, f[xl)} (3.61)
or
[;—t + (- Pt*)v-V}A(t, 0)
= j[fLa A(ta 0)]
+ 7180, 0), 80,0 + [ 28D g 1wy (.62
Since A(t, 0) = 0 at t = 0, consider solutions of the form
A ayll(rs t) !
(,0) = f J dr 240D g 1 alx) (3.63)

Substitution of (3.63) into (3.62) and use of a property analogous to (3.53)
leads to the requirement that @, satisfy

[0/ot + (1 — P#W-V]Du(r, 1, 7|x;) = JLf(1, 7), Oulr, t, 7]x1)]
(3.64)
with the initial condition

Du(r, 7, t]xy) = boulr, t]x,) 1) (3.65)
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and f(¢, 7) again satisfies the nonlinear Boltzmann equation (3.35). The
irreversible fluxes are now given by Eqgs. (3.40) and (3.63),

Vi 1) = f dr [ db' Co¥'31,) y”“ L (3.66)

with
Coipir, ¥’ t, 7) = fdxl qgai(r, t]xl)q);ij(rla £ ”"lxl) (3.67)

and ®j; satisfies the modified kinetic equation (3.64). The results (3.66) and
(3.67) provide the desired Boltzmann limit of the correlation function formu-
lation in projection operator form. For linear transport, Eq. (3.64) becomes
the modified linearized Boltzmann equation,

[6/or + (1 — PF)v-V]0y = J[Oq, fo] = —T1[04] (3.68)

where [[---] denotes the linearized Boltzmann collision operator. This
equation in conjunction with (3.61) and (3.62) reproduces the ““generalized
hydrodynamics™ obtained by others®® applying projection operator
techniques to the linearized Boltzmann equation.

4. STEADY SHEARING FLOW

To illustrate the form of the correlation functions and irreversible
fiuxes for highly nonlinear processes the problem of steady shearing flow
will be considered. The motivation arises from the fact that for Maxwell
molecules the irreversible momentum flux may be determined exactly from
the nonlinear Boltzmann equation. Additionally, this problem has been
reconsidered recently both from molecular dynamics experiments®™ and
from a more general theoretical point of view."” It appears from the theory
that coupling of the linear hydrodynamic modes leads to a nonanalytic
dependence of the flux on the shear rate. Such anomalous behavior is not
predicted by the nonlinear Boltzmann equation and will not be discussed
here. However, it should be useful to have the Boltzmann results for the
correlation functions as a reference for discussion of the mode coupling
results.®

To define the problem, consider the macroscopic conservation laws,

5 The mode coupling calculations of Ref. 7 yield only the lowest order corrections to
the Navier—Stokes transport for asymptotically small shear rate. It may well be that
for finite shear rate the regular (analytic) part of the stress tensor dominates the mode
coupling anomalies. The computer experiments to study mode coupling effects would
need to subtract out such Boltzmann-like results.
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Eq. (2.11). For a simple one-component fluid, the local equilibrium averages
of Egs. (2.2) and (2.3) lead to

<¢tx; t>L(-"> (ﬁ’ U + %ﬁUza P—Ut)
iy 1 (pU, [h + $pURU;, PSy; + pUU))

where p and # are the average mass and internal energy densities, P is the
pressure, and A = & + P is the enthalpy density. With these results, Egs.
(2.11) become

o5
F+ VU =0 4.1)

aﬁ oy — o * *3U1.

o+ UV + VU = —Veg* — 0 “.2)

U, 1P  1os

w T UVOT S T T, *3)

Here, ¢;* = s;* — Ujtf; is the irreversible heat flux. The steady shear flow
corresponds physically to a fluid in steady state between two parallel plates
at a fixed distance apart and in relative motion. The flow field is expected to
vary linearly between the plates (except perhaps near the surface) and be
of the form

Ui(l', t) = UOi + ai]-r,- (4.4)

The constant vector U, and constant tensor g;; are the velocity of the lower
plate and the shear rate tensor, respectively. In the following U, will be set
equal to zero without loss of generality. The system is otherwise assumed
to be spatially homogeneous, i.e.,

plr, 1) = pt),  q*(r, 1) = q*(t)

u, 1) = a(r), i, 1) = £5(t)
With these conditions, the conservation laws (4.1)-(4.3) become

opjor = 0, oljot = —ayth

and g is also a constant. It is consistent with the conservation laws, therefore,
to ook for the irreversible fluxes under the conditions,

Ui(ra t) = aijrjs ﬁ(l', t) = ﬁOa ﬁ(l', t) = ﬁ(t)
Q*@r, 1) = q*(1),  #i(r, 1) = £5(0) (4.6)

Since the energy density # may be considered a function of g and the tem-
perature T = 1/kB, the only conservation law is

apD)[ot = —aye(t)ri(2) 4.7

4.5)

where o« = (98/0i);.
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To prepare the system, let external forces and sources be present such
as to maintain a steady shear rate but at fixed temperature. Consequently
t#(t < 0) = 0. At ¢t = 0 all sources are removed except those surface forces
required to maintain the conditions (4.6) and (4.7), sufficiently far from the
surfaces. The corresponding initial local equilibrium ensemble is then

Fi(0) = exp[—0(0) — BO)H" + L{O)N] (4.8)
where Q(0) is a normalization constant, and H' is
H' = H{p, — mU(@Q)}) = H{pu — Maiqa;}) 4.9

More generally, in the following any phase function with a prime is defined
as the corresponding unprimed function with p, replaced by p, — mU(q,),

X' = X({p. — mU@.)}) (4.10)

The formal solutions of Section 2 cannot be directly applied since they were
derived for an isolated system, whereas here the surfaces forces are required
for steady flows. However, if one repeats these derivations retaining the
effects of surface forces, the solutions are similar to those of Section 2. The
resulting irreversible fluxes y¥(r, t) are again characterized by time cor-
relation functions at two different space points, If the argument r of y%(r, £)
is chosen well away from the boundaries, it is reasonable to expect that the
correlation with the surfaces is negligibly small. This does not mean that
the boundary conditions are unimportant, but instead that they are largely
incorporated in the thermodynamic parameters, rather than explicitly through
the correlation functions; it is plausible, then, that Eq. (2.20) should still
hold, for points away from the surfaces. For the conditions (4.6) and (4.7)
the irreversible momentum flux is (see Appendix D)

t
(1) = —ay f dr [Guylt, 7) + Hif(t, 7)5(7)] @.11)
0
with

Gunt, 7) = B[ P10 Tial7); 71

[ = <ar; vy

n L

Hyit, )= <[eL“")t{,-(r)] g—g

— ] o= i) > (“.12)

The phase functions in Eq. (4.12) are the local momentum flux #,(r) and its
volume integral T;;. Also, n is the number density, g/m. Equation (4.11)
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with (4.12) is still exact for the conditions specified above. For small shear
rate the term with H;; vanishes to order a?, leaving

t
ti(t) = ”‘amf dr Gyt 7) (4.13)

0
A pseudo-Galilean transformation, introduced by Yamada and Kawasaki,™
pa, =Pz — mU(qa) (414)
may be used to reduce G;;,(f, ) to an equilibrium-like correlation function,
Giyult, 7) = B(r<Hexp[L(t — DB, T; B(7)) 4.15)

with

L=L+0, L =a5 i 0 4.16
=L+ L, L"‘aijz th:‘éq:i"Pajéﬁ (4.16)

This result is similar to that defining the shear viscosity in linear transport,
with the additional nonlinear dependence on shear rate occurring only
through the modified L. Due to the neglect of the H;; contribution, Eq. (4.13)
is only reliable to order less than a2, but is adequate for the investigation of
a possible dependence of the stress tensor on fractional powers of the shear
rate.™ The correlation function (4.15) may be amenable to a molecular
dynamics analysis to test the mode coupling predictions for small shear
rate. However, as the concern here is with the Boltzmann limit, no further
consideration of Egs. (4.13) and (4.15) will be made.

Returning to the exact expression, Egs. (4.11) and (4.12), the Boltzmann
limit of G;;,; and H;; is defined by the results of Section 3. Consider first
Guu(t, 7). Using Eq. (3.37), Gy, is given by

Gijlcl(tﬁ T) = nmjdxl 3(1' -— ql)Uiivija);c%)(t, Tlvl’) (417)

where v}; = vy; — U{qy) and it has been observed that the g dependence
of @Y occurs through U. Further, & is determined from Eqs. (3.33) and
(3.35),

0ot + v-WNYDY = J[®Y, £1 (4.18)
©@lot + v-V)f = J[f, f] (4.19)

with the initial conditions, (3.36),
n®P, )| ewe = mB(T)(Vi0s — $80?) fo(B(7), v1) (4.20)

Here fo(8(2), v) is the Maxwell-Boltzmann distribution as a function of
B(t) and v'. Equations (4.17)-(4.19) may be solved exactly to determine
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Gy for the special case of the Maxwell force law [F(r) ~ #/r°]. As noted
above, the direct determination of ¢# from the nonlinear Boltzmann equa-
tion for this case has been given by Ikenberry and Truesdell.*? The analysis
of the correlation functions Gy, and H;; follows essentially the analysis of
Tkenberry and Truesdell, and is given in Appendix C, where it is shown
that Gy, and H,; are determined from

9 Gl G Gimir\ _
(6t + V)(Hi') + ai'"(Hmj + A, =0 (4.21)
with the initial conditions

Gults s = B | dv o0, — Y8070 fo(BCo), o)

2
= B—E% {Sn 8k + Oy Sy — 3 8y Skl} (4.22)

and

Hyt, D)=y = Z_g

] f dv m, (% mv? — %kT)fo(ﬁ(T)s v)
= —2§,, (4.23)

It is now straightforward to solve Eqs. (4.21); however, for illustration it is
sufficient to limit attention to determination of #},, taking a;; = a 8, 8,,.
The relevant equations are then

0 nyxy) nyxy) _
(at * V)( ny + a( Hyy - 0
a \ nyxy)
il =0
) ( H,,
H,.(t, 1) = %a(t — 1)ev¢ 9 (4.24)

Goys(t, 7) = nf e ¥¢"® (4.25)
Use of these results in (4.11) gives

which give

4 i
th(t) = —a f dr e " PP(z) — f dr (t — 7)™ 934’} (7)
° ° (4.26)

where P(t) is the pressure. Alternatively, solving Eq. (3.64) gives the equivalent
projection operator form,

25(t) = —a f " {e 70 cos[()3a(t — T)}P(7) (4.27)
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Although nonlocal in time, Eq. (4.26) or (4.27) gives the necessary constitutive
equation to make the conservation law (4.7),

OP(t)[ot = —Zai,(1) (4.28)

a closed deterministic equation in terms of the pressure,
t
OP(6)[0t = 2a? f dr {e="¢=9 cos[(3)2a(t — T)}P() (4.29)
0

Clearly, the pressure increases with time (due to viscous heating). The solu-
tion to this equation and the corresponding expression for 7%, have been
discussed by Ikenberry and Truesdell and will not be repeated here. Newton’s
viscosity law is regained in the limits t > v~* and g < v,

t5()— —na (4.30)
where the viscosity 7 is the familiar result for Maxwell molecules

7 = v 1P() 4.31)

5. DISCUSSION

The correlation function expressions for the transport coefficients
through nonlinear Burnett order have been shown to agree with those
obtained from the Chapman-Enskog solution to the nonlinear Boltzmann
kinetic equation, in the appropriate limit. This agreement was' also shown
to be quite general, independent of small gradient expansions§, by indicating
that the nonlocal correlation function expression for the irreversible fluxes
also agrees with kinetic theory in the appropriate limit. This correspondence
also provides some insight into the structure of the local equilibrium cor-
relation functions characterizing states far from equilibrium, and may be of
some use in modeling such correlation functions for more general fluids
than dilute gases. In particular, the relationship of the equations for the
correlation functions to the nonlinear Boltzmann equation permits applica-
tion of the substantial literature from gas dynamics on states far from
equilibrium.*® One example of this is provided in Section 4, where the cor-
relation functions for steady shear flow were evaluated directly from knowl-
edge of the corresponding solution to the nonlinear Boltzmann equation.
It is interesting to speculate on how the results of Section 4 might suggest
modeling shear flow in, for example, liquid argon. The Maxwell molecules
calculation reduces ultimately to a single relaxation time model for the
correlation functions. It is not unreasonable to expect such a model of the
time dependence to be approximately correct more generally, with perhaps
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a different value for the relaxation time »~1. In this case the correlation
functions in (4.12) become

nyxy(t: T) = nyxy(Ta T)e_m_w (5-1)
H, (t, 1) = H,(r, 7)a(f — r)e "¢ P (5.2)

The functions Gy, {7, 7) and H,,(r, 7) are equilibrium-like averages whose
= dependence arises only through (7). In particular,

Gryan(7, 7) = BIVXTZy; B(r)do = Go(B(7)) (5.3)
Hyy(r, 7) = —(0P[ou)|(8(7)) (5.4)
Here G (8(7)) is the high-frequency shear viscosity discussed by Zwanzig
and Mountain,“® and Vis the volume. The irreversible stress tensor, general-
izing Eq. (4.26), is therefore
t
5(E0) = —a [ dr |6 (60
o

L op
on

ate = e=re-0r 6| (55)

At low density (0P/0@)], is independent of B; if more generally the = depen-
dence of (0P/én)|, is weak compared to that of #%,(8(s)), then the above
equation may be solved by Laplace transformation to give

e G/ + 2)
B0 = TR Lo + OF

(5.6)

where the tilde denotes Laplace transformation. For small shear rate this
reduces to

[E(2) — —an(z)/z (5.7)
where 7(z) is the frequency-dependent shear viscosity, identified as
2(2) = Gul(z + v) (5.8)

Here G, = G,(8(0)). This identification may be used to determine the

relaxation time v~1, and ¢, rewritten

Go(2) 7(2)
Go 1+ (0P|0u)s[n(2)a]G ]

For small z (times large compared to » 1), 5(z) may be replaced by 7 = 5(0)
and the transform inverted to give

i(z) = —a (5.9

. 3(8(0)
O e T @R GalG 10
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with 7(8(¢)) = 7[G(B(?))/G.]. For a Lennard-Jones fluid such as argon G,
is determined entirely from thermodynamic properties,*®

G = 3P + (26/SkT — (24(5)nii (5.11)

so that the above model for £},(¢) has no adjustable parameters. Unfortu-
nately, it is not possible to compare directly with the molecular dynamics
results of Ashurst and Hoover,“™ since in the latter, heat is removed at the
walls, whereas here G (B8(7)) increases without bound due to the increasing
temperature from viscous heating. A more general treatment of the kinetic
theory incorporating heat loss at the boundaries, however, could presumably
be modeled in the manner described above to permit a reasonable com-
parison with the molecular dynamics data.

As mentioned in the introduction and in Section 4, mode coupling
effects are expected to contribute a nonanalytic dependence on the thermo-
dynamic forces not incorporated in the above kinetic models. Such effects
have been discussed recently from a kinetic theory generalizing the non-
linear Boltzmann equation to include mode coupling.” Although the
situation is somewhat more complicated than in the Boltzmann case, it
may be expected that the correspondence between such a kinetic theory
and the correlation function formulation could be worked out along the
lines described here.

APPENDIX A. CHAPMAN-ENSKOG SOLUTION TO THE
BOLTZMANN EQUATION

In this appendix the usual Chapman-Enskog expansion for the normal
solution to the Boltzmann equation is carried out to Burnett order in a
form suitable for comparison with the correlation function results of Section
3. The nonlinear Boltzmann equation is

o . p

5 oV =IAT] (A1)
where J[f, f] is the nonlinear Boltzmann operator. The solution to (A.1)
may be expressed in terms of the deviation from local equilibrium

f=rd+h (A.2)
where f; is the one-particle local equilibrium distribution
Ju = exp[—q(t) — $u(P)y.(q, 1)] (A3)

Here, the y, are the same thermodynamic variables as in Eq. (2.10), and the
J(p) are the single-particle functions of p corresponding to the N-particle
densities of Eq. (2.2) [see Eqgs. (3.10) and (3.12)],

l/’o:(p) > (m’ P2/2ms pl) (A4)



Nonlinear Transport in the Boltzmann Limit ‘ 287
Substitution of (A.3) into (A.1) gives

g p 1 e Y
(at+"‘v+l)h“ Ji[h, h]+(1+h)( t+y“i6qi) (A.5)

Here I and J; are defined by Eq. (3.9), and v,,(p) is the single-particle current
associated with ,(p),

Yo = (p/m)pop) (A.6)

The macroscopic conservation laws, analogous to Eq. (2.13), follow from
the fact that the ¢, are summational invariants,

e s _ vk
%7 + ochy =2 o0 = £z 2, (A7)
where g,; = fdr' Z.4(r, v’} and otherwise the notation is the same as that
of the text. Use of (A.7) to eliminate the time derivative in (A.5) gives

(&+ 2w s t)r=dumm+as h)(qsm 2: 02 g

with
bai(P) = vui(P) — $p(P)Che>s  EeP) = Y5(PIEs" (A.9)

The irreversible fluxes y7; defined by Eq. (2.12) are

Vh = f Ay — fi) = f dp Fryah (A.10)

The definition (2.7) of the thermodynamic parameters in f; implies that 4
must be orthogonal to the ¢,

jdprsbah =0 (A.11)

so Eq. (A.10) may be expressed in the more convenient form, using (A.9)

yh = f dp fiduih (A.12)

The Chapman-Enskog solution to (A.8) may be described as follows. A
solution (the normal solution) is sought such that 4 depends on q, ¢ only
through y.(q, #) and their derivatives. Furthermore, since the time deriva-
tives may be eliminated using (A.7), the solution may be characterized by
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v.q, t) and their space derivatives. The Chapman-Enskog solution is an
expansion of the normal solution in the space derivatives, assuming con-
vergence for smoothly varying y.(q, ¢). To set up the expansion, (A.8) may
be rewritten

=+ g+ & 25) 4 Jupm - pa A1

Here D.h = [0]0t + (p/m)-V1h is the material derivative of 4 treating y
and the space derivatives of y as independent variables, i.e.,

oh oh b7 oy,
Dh = 6y (E?t + v V)ya + 6———_(3ya/5qi) (5; + v-V) 24, + - (A.14)

The time derivatives in (A.14) may then be eliminated by (A.7), yielding an
expression in terms of the space derivatives only. Equation (A.13) may
therefore be solved perturbatively, treating gradients of y, as small. Formally
this is accomplished by introducing a uniformity parameter, say ¢, as a
factor of each gradient operator 6/2¢;. Then & is assumed to have the form

b= b + 2HD 4 ... (A.15)

The irreversible flux y¥ has a similar expansion generated by (A.10),

= > ehE®,  E® = (b, ™) (A.16)
n=1

The lower order contributions to 4 and hence y¥; are easily identified from
Eq. (A.13):
Navier-Stokes order: To first order in dy,/dq, Eq. (A.13) gives

In® = ¢y 0y.[0g;

Using the requirement that A be orthogonal to the #,, a unique solution
is obtained,

hY = (0y.]og) ] bui (A.17)
The Navier-Stokes-order irreversible flux is then
[yal® = fdpfo(p)¢aih(l) = Yiis; 0¥5/04; (A.18)
where the transport coefficients y&i)5; are identified as

Yips = (bais I bgy) (A.19)
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Burnett order: The second-order contributions to Eq. {(A.13) are

IH® = K04, 9}’a+ £ 5[72’;;] s J[k(” sy

o . ; 0
0 | (che = 2 8r) 22|

0 ; 0
[ (I lqsm)] ylj (cﬁu 5—; Sﬁu) é%

KD = I (I $)| < —3) L/
(( ¢ )(C ? 3‘11 341

# A b + 30004, 0 140)

s g+ [ L) (- 2o}

OYe 0Vs 8[%’2]‘”)
X + &,
2q; 2q; o4

The Burnett contribution to the irreversible fluxes is

@ -2  _ Pr o _9Vu
[ ] (951119 (l’ﬂj[cﬁu m 8 ]) a[b aqk

+ ((dm, I”l[qbuk(l’ Yhs) + (c’:u — ‘%1'3 8,”> 8_% (1—14,51)]) gﬂ ZZZ

(A.20)

ack, oy, o
+ ((l)ain I—2¢u;‘) £ —& _&?

8)’/3 aqk 3q;
+ (o I 3 T 5, U9,0D 22 22
-+ (9541“ 1§ ) [7’81] (A‘ZI)

The last term in (A.21) vanishes as a consequence of (A.11) and the fact that
I is self-adjoint,

(Bas, I72&p) = (I bes), £) = 0

Also, the second term in (A.21) may be rewritten as

0 Oy, 0
(12 (e = 280} 757 2 G0, 22 2
“ 7
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so that the Burnett-order contribution is

9%y 0y, 0
£72) 2D 8 2,2 Vs Du
[ ] Yai, Bik 3q aq + Ve 87, uke aq] 8qk (A22)

where the linear and nonlinear transport coefficients are identified as,
respectively,

i = (10 (0200 (e = 2 000)) (A23)

_ ack,
75:21 %)J uk = (I l‘l)au l‘l)w) -

(1700 3000400, (24201

o (1 (e~ 28 S o il ) (A28

The results (A.19), (A.23), and (A.24) agree with the corresponding results,
(3.13), (3.15), and (3.21), obtained from the correlation function expressions.

APPENDIX B. KINETIC EQUATION FOR LOCAL EQUILIBRIUM
CORRELATION FUNCTIONS

The low-density kinetic equations for the local equilibrium time cor-
relation functions, Eqgs. (3.33) and (3.39), follow from the corresponding
equation for the generating functional /§ given by Eq. (3.30)

fg\s)(l,..., S;tT)= Z hSN(N )'J‘dxs+1 - dxy e"L“")FL(TI/\)

N>s
(B.1)
with Fy(r|A) defined by

Fye)) = exp{— 01 — [ de [ule, D) = At r)gbm(r)]}
(B.2)

It is readily verified that /¢ satisfies the BBGKY hierarchy, the first equation
of which is -

(681‘ )f P51 = f dxy 0,5/ P(1, 25 1, 7) (B.3)

A kinetic equation follows from (B.3) by expressing f§* as a functional of
f50. Expansion of this functional to lowest order in the density gives the
desired equation. The density expansion may be accomplished by means of
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a cluster expansion which has been studied and discussed in detail else-
where.?%-19 Consequently only an outline of the derivation will be given
here.

Define the N-particle function F(1,..., N) by

F(l,.,N) = e ™9 CXP{— f dr [yu(r, 7)) — Aulr, T)‘?Sai(r)]}
(B.4)
and the associated modified cluster functions U(l,..., s|s + 1,..., /) by

N
F(lw N) = > S U(lyuey 8|5 + Lo, DFy_ (I + L., N)  (B.S)
l=s

Here & denotes a sum over all (/ — s)-tuples in the set (s + I,..., N).
Specifically, for s = 1, 2 these expansions are

F(l,.y N) = UDFy 120 N) + 2 UQ|D)Fy-3, N) ++ (B.6)
and
F(l,.s N) = U(1, DFy_53,... N) + 2 U(l, 2[z')FN_3(3,;._, N) + -
i#1,2 (B7)

The corresponding expansions for f and f$2 are obtained by substituting
(B.6) and (B.7) in (B.1):

P57 = [U(l) + fafx2 U2 + ...}e—emw (B.8)

(1, 2: 1, 7) = [U(1,2) +fdx3 U, 2/3) +---]e’Q“”" (B.9)

The cluster functions may be identified from (B.6) and (B.7) by setting
N =1, 2,... successively. The low-order functions are

U(1) = F() = expl=L{)(t — )] exp{ [ de Dt e
s f)¢s:3<r)1}

U1, 2) = F(1, 2) = exp[—L(1, 2)(t — 7)]
x exp{— [ e Dute, g + 982

O, DD + ¢a%>(r)>]}
U(1]2) = F(12) — F()FQ)
U, 2|3) = F(123) — F(1, 2)F(3)
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Here 4, 2 and ¢$, 2 are the single-particle and pair functions associated
with $, and ¢, respectlvely [see Eq. (3.10)]. The expansions (B.8) and
(B.9) may be identified as expansions in the activity, so that to lowest order
in the density only the leading terms need to be retained. Using the form of
U(1), Eq. (B.8) may be inverted to give

exp{ [ e e, ) = T)¢><D(r)1}

= {exp[L()( — DB/ £, 7) + order 1] exp[Q(7[ )]

Substitution of this result into U(1, 2) of Eq. (B.9) then gives the desired
low-density functional

f§\2)(1, 2, t, 1.) — e-L(l,Z)(t—I)g(l’ 2)9[L(1>+L<2)](t_1?f§\1)(1; t, r)fﬁ”(?., t) T)

(B.10)
where g(1, 2) is defined by

8(1,2) = CXP{ *f dr [yo(r, PE) — Aulr, T)<ﬁ‘2’(r)]}

Equation (B.10) may be simplified by rewriting it as
F20, 251 0) = 81, 251, DS, 015 1, DfPQ; 1, 7)
with
Z(l, 2) = e—L(l,Z)te[L(1)+L(2)]¢

and
21,24, 7) = exp (- [ e e, exol -2 = o
Ao, Texp[—L(t — T)]}¢E%’(r)])

For initial configurations, |q; — g5} < force range, and for repulsive inter-
actions, the phase functions e X¢ =2 and e ¢ 7¢2 vanish after times
t — 7 large compared to a typical collision time 7,. Therefore lim, _ ;»,, § — 1,
for |q; — qy| < force range, and

im 8,5/, 258, 1) = 0,255 [0 £, D02 1,0 (BAD)

t—1»19

and

(2 +29) 700,210 = [ 005012005 1 f 023 1, )
(B.12)
Further reduction of the right side of Eq. (B.12) to the standard Boltzmann
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form of the text is straightforward and involves the further limitation to
variations of f@ on a spatial scale large compared to the force range.

APPENDIX C. DETERMINATION OF G,,. AND H,, FOR
MAXWELL MOLECULES

In this appendix Eqgs. (4.21) are obtained. Consider first G, defined
by Eq. (4.17),

Giult, 7) = mfdxl a(r — ql)vhvl;cbkl)(t 7|v,") (C.H)
where @, satisfies the equation
@jot + v- DY = J[OD, f] (C.2)

and f satisfies the nonlinear Boltzmann equation. From (C.2), an equation
for Gy, follows,

0 au, ou, s
% Gij + Fr G + _c'ix] Gimp = mfdvl v,/ [OF, f] (C3)
m m

Use has been made of the fact that moments of & equal to or higher than
second order are space independent, as a consequence of the conditions of
Section 5. Generally Eq. (C.3) is not a closed equation for G, because of
the term on the right side. However, for Maxwell molecules, with interatomic
potential

V(r) = eoofr)?

the right side is simply proportional to Gy,
m f dv, Vi J[OD, f1 = —vGip (C4)
where v = 1.23n(37/2)0%(eo/m)*'2. The proof of (C.4) is as follows:
m [ dv w1 JIBR 1)
=m f dv, dv, (D‘l)(vl) f(vs)

(1)(V2)f(vl)]f db blvl = Vzlf de [Dy;8;; — v1,01,]
(C.5)

where ¥ denotes the velocity after collision, and use has been made of the
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invariance of the cross section under the transformation # — v. Define the
center-of-mass and relative velocities by

G; = ¥(vy + va), &g = U1 — Uy
Then Eq. (C.5) becomes

m f v, 0,0, T [BP, /]

= —m [ dvy dv, (BP0 3) + BRODS ) j db bg
2z
x de [3(Gig; + Gjg) + 4885 — 3(G&; + G;&) — 48811
0
(C.6)

Now let § = g;cos § — a,g sin 0, where a is a unit vector orthogonal to g.
Then

m f dv, 0,0, TIBD, /1
-~ —m f dv, dvy [BP ) F(va) + BR)F(v)]
@ 27
X f db bg f de [1Gig; + G,g)(1 — cos )
0 (4]

+ Hgsin O)(Ga; + G,a) + 4zl — cos? 6)
— 3g%aa,sin® 0 + I(gia; + ga;)g sin 6 cos 6]

But [ de a; = 0[5 de ag; = n(3; — gig,/g?), so

m f dv, v, (B, ]

= —m [ dv, dvafBRODSOD) + B S)
% [%(Gig, + G,-gi)fw db bg2=(1 — cos b)

+ 3gig — %Sijgz)f db bg sin? 0]
o]

For Maxwell molecules J: db bgh(9) is independent of the velocities and
hence a constant. The term with (Gig; + G;g) = (vyv1; + v10s;) —
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(vaive; + Dalg;) vanishes on change of variables v, — v; in the second term.
Thus,

mfdvl V101 (Dkl ,f]

= v | v vy (3RS ) + B 00)
X [101; + Vgilp; — Urlg; — U109 — §8,(01% + 057 — 2v1-v,)]

L f dv, dvy, DY) (v,)

1 2 2
X [0101; + V117 — Vil — U102 — §0:,(017 + 0.7 — 2vi-¥,)]

(C.7)
where

v= (3n/n f db bg sin? 0
0
or
v = (37[2)no*(eo/m)*'?1.23 (C.3)

Equation (C.7) simplifies considerably when it is noted that ®&(v,) is orthog-
onal to 1, v, and »? [see Eq. (2.19)]. Integrating over v, in Eq. (C.7) then
gives

m f dv, G0 T[BP, f] = —vGuye

which verifies Eq. (C.4).
Substitution of Eq. (C.4) into (C.3) gives the desired equation for G,

oU;
8 Gimkl =0

4 oU;
(8t + V) Giji + Gm]kl + 5=

This is the first of equations (4.21). The second equation, for H;;, follows
in an entirely analogous calculation.

APPENDIX D. ONE-COMPONENT FLUID RESULTS AND
TRANSFORMATION TO REST FRAME

The formal results of Section 2 for the thermodynamic variables y,
and fluxes ¥ are given more explicitly in this appendix and the correlation
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functions are transformed to the local rest frame where calculations are
often simpler. To do so a pseudo-Galilean transformation

P’ = Pe — mU(qq, ?) (D.1
is performed on the i, and y,; of Egs. (2.2) and (2.3) to give
Y (p,e — g U+ 3pU% g — pU)
Yai e (& — pUi, 8 — (e + 3pU? — g- UV, + 38.U% — 1,U;,
t; — &U; — g;Ui + pUU)) (D.2)

These transformations may also be effected by the matrix operation

Y =AUy, v = AU)y: — Ush) (D.3)
where the matrix A4 is given by
1 0 0
A=130 1 U], AYU) = 4(-1) (D.4)
-U, 0 3§
The thermodynamic parameters y, transform as
y=4%° (D.5)
¥ =ylu=0>(={50) (D.6)

Here A* is the transpose of A. Similarly, the correlation functions may be
expressed in terms of local equilibrium averages in the rest frame. For
example, the transformation (D.1) on g,4(r, 1'), Eq. (2.13), gives
gr, v') = A7(U(r, 1))g°(r, 1)A* TH(U(, 1))
ggﬁ(ra I") = <‘/’~a(r’ t)‘/;li(r” t); t>L0
Here (--; t);, denotes an average over the local equilibrium ensemble with
U = 0. The g24(r, 1) are readily found to be

(D.7)

| 30 0
)|, 9B,
o 8i(r) __ du(r)
g (l', l') - ac(rl) 5 aﬁ(r/) . 0 (D.S)
0 0 PO 5 5k - 1)

B(r)
Similarly, the matrix Ki; of Eq. (2.14) transforms as
Ki(r,r') = A*K%A4+™" + UJ

Kaa(r, 1) = fdr” g (6, 17 s(); D, D.9)



Nonlinear Transport in the Boltzmann Limit 297

Evaluation of K% leads to

SP(xr")
0 0 45300 |y
SP(r")
0i __ —— L
K% = 0 0 5520 |, (D.10)

5, 8(r — 1) ﬂg ; (s,

With these results, Eq. (2.13) becomes the following set of exact equations
for B(r, t), {(r, t), and Ul(r, t):

2 1oP  lort
(8 +UV)U+"8r, z_%

(§t+UV) fd Br )BP(’) v Ur)

du(r) |5
fd'sf((‘) [ v *(r)+t”(r)aU(r)]
( + U v)c + f dr’ B(r )8811?)) v U(r)
~ +fd'86_((;) [ qH() + 1T )aU(r)] (D.11)

Here g*(r, t) and #{i(r, t) are, respectively, the irreversible heat flux and
momentum flux,

yo* = A(U)‘)/* = (0’ qi*’ ti;’;' (Dlz)

Equations (D.11) are spatially nonlocal in two regards, first because g¢;*
and t¥% are nonlocal functionals of the thermodynamic parameters, and
second due to the explicit nonlocality of the forms (D.11). The latter is due
to the definition of the y, and may be eliminated by choosing instead as
thermodynamic parameters p, #, and U. Then Egs. (D.11) take the more
familiar form

op —

8Z+V pU =10
0 oU;
(8t+UV)u+hVU —Vq~t‘,,a

d 10P 1ot}
(a + U. V)U + = _arl 768r,- (D.13)
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The irreversible fluxes y5f may be obtained in a similar way using Eqs.
(D.12) and (2.20) with the result

41 _f d’f dr’ {<[e“‘ g, (x, g (', 7); 7y, B2 aﬁ(‘ ™)

oULr, )

= g, DIl 7); B, 7) A

— {[eX g, (r, HIE R, 7); T>L (l‘ 7)

+ <17, O/, 73 7 ‘fg U g

ti(x, 1) ——f d‘rfdr {([el‘(t g (r, Dlg (@, 7); v, 22 8/3(1‘ 7')

— M, Oloia’, )3 i, 7) LA )

oq,. ¥ ('
=203, DI, 7); 7, L)
ory

T ke D

The phase functions ¢;, oy;, and ¢ are defined as

ate 1) = s — [ dr ’f§ §<g,<r)s,(r P 1.AF)

8P(r)
8p(r’)

oule, 1) = 1) = 0[P + [ o {0)
+ 40 S| + 1100 g5 €0

£, 1) = fd [SB(T 1)

The results (D.11) or (D.13), and (D.14) and (D.15) represent the exact

8/9(1' t)

A, 1) +

)] (D.16)
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macroscopic conservation laws with constitutive equations for the dynamics
of 8, £, and U (or any other set of thermodynamic variables). With the
pseudo-Galilean transformation (D.1), Eqgs. (D.14) and (D.15) may be
shown to be independent of the flow velocity. The results are clearly quite
formal, but serve as a suitable basis for the investigation of linear and
nonlinear hydrodynamic equations, and associated transport coefficients. It
may be noted that for practical purposes, the functional derivatives occur-
ring in these equations are short-ranged functions of r and r’ (of the order
of the force range), so they are well approximated by a delta function times
the associated usual thermodynamic derivative. Such an approximation
fails, however, for systems with Coulomb forces or near a critical point.

The irreversible fluxes in the projection operator formalism, Eq. (2.31),
may be analyzed in a similar way to give the equivalent results,

g:*(x; 1) ‘”f d'rfdr {<[U(l 7)q/(x, ]g/ ', 7); 1 8/9(r] 7)

= QUG D@ DMt 2 i, ) A5 DL .1

th(r, 1) = L dr f ar’ {([U(t, D6, Dlgi (¥, 7); 75 LT T) 3/9(r T)

= QUG DB DM, ) a8, ) P Dty

Here 8;; is equal to o;, defined in Eq. (D.16), with #% = 0. These equations
are formally simpler than Eqgs. (D.14) and (D.15), since no explicit reference
is made to the irreversible fluxes on the right sides of (D.17) and (D.18).

For the special case of steady shear flow considered in Section 4, these
results simplify considerably. In particular, Eq. (D.15) becomes

e 1) = — f dr f de’ ([ =0alr, D]olu(T', 7); B, ) U, 1)for
0
(D.19)

Also, since oU,/or, = a, is nondiagonal, o}, may be replaced with

U’ t’ iﬁ ~l—
o>l + a7 I\¢
7

&) (D.20)
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to give

1
3, 1) = —ag f dr ([0 )8(r)Tin; s
0

t
= au [ e e LD G — (s ey
0

_ ag(T) ' - oy %y
8[-3(1-) Bm(N <N, >L)]s >Ltkl( )
= —aklfo dr [Gi(t, 7) + Hi(t, 1)tE(7)] (D.21)

which is the result, Egs. (4.11) and (4.12), used in Section 4.
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